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Abstract. We begin the study of simple finite-dimensional prime representations of quantum 
affine algebras from a homological perspective. Namely, we explore the relation between self 
extensions of simple representations and the property of being prime. We show that every 
nontrivial simple module has a nontrivial self extension. Conversely, if a simple representation 
has a unique nontrivial self extension up to isomorphism, then its Drinfeld polynomial is a 
power of the Drinfeld polynomial of a prime representation. It turns out that, in the sl(2) 
case, a simple module is prime if and only if it has a unique nontrivial self extension up to 
isomorphism. It is tempting to conjecture that this is true in general and we present a large 
class of prime representations satisfying this homological property. 

Introduction 

The study of finite-dimensional representations of quantum affine algebras has been an 
active field of research for at least two decades. The abstract classification of the simple 
representations was given in [12], [13], and much of the subsequent work has focused on 
understanding the structure of these representations. This has proved to be a difficult task 
and a complete understanding outside the case of s[2 is still some distance away. A number of 
important methods have been developed: for instance, the work of [22], [23] on g-characters 
has resulted in a deeper combinatorial understanding of these representations. The geometric 
approach of H. Nakajima and the theory of crystal bases of M. Kashiwara have also been very 
fruitful. Another powerful tool is the T-system |24l 130^ [57], which was recently shown [31] to 
extend beyond Kirillov-Reshetikhin modules to wider classes of representations. A connection 
with the theory of cluster algebras has been established recently in \26\ [38] . 

The study of the structure of the irreducible representations can be reduced to the so called 
prime ones, namely those simple representations which cannot be written as a tensor product 
of two non-trivial simple representations. Clearly any finite-dimensional simple representation 
can be written as a tensor product of simple prime representations and one could then focus 
on understanding the prime representations. This was the approach used in [12] for the 
sl2-case, but generalizing this approach is very difficult. However, many examples of prime 
representations are known in general, for example the Kirillov-Reshethikhin modules are prime 
and, more generally, the minimal affinizations are also prime and other examples may be found 
for instance in [26]. However, except in the s[2-case where the simple prime representations 
are precisely the Kirillov-Reshetikhin modules (which are also the evaluation modules), the 
classification of the prime representations is not known. 
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This paper is motivated by an effort to understand the simple prime representations via 
homological properties. Thus, let T be the category of finite-dimensional representations of 
the quantum affine algebra and denote by l^(7r) the irreducible representation associated to 
the Drinfeld polynomial tt. We construct in a natural way a non-trivial self-extension of any 
object V oi J- which motivates the natural question of characterizing the simple objects which 
satisfy 

dimExt^(l/,l/) = 1. (1) 

Our first result shows that any simple V satisfying ([T]) is of the form Vii^^^^ for some s > 1 
where ttq is such that V{t^^ is prime. Hence, if V{t^q) is a real prime in the sense of |26j . 
then using [25j we see that y is a tensor power of isomorphic of y(7ro). 

In the case of 5X2 we prove the stronger result that a simple object V satisfies ([T|) if and only 
if V is prime. It is natural and now obviously interesting to ask if such a result remains true 
for general g. Our next result provides partial evidence for this to be true. Namely, we prove 
for a large family of simple prime representations including the minimal affinizations that 
the space of self-extensions is one-dimensional. Our results go beyond minimal affinizations 
and we prove that the representations ^(/S) defined in [26] have a one-dimensional space of 
extensions as long as /3 is a positive root in which every simple root occurs with multiplicity 
one. It is worth comparing the results of this paper with their non-quantum counter parts. 
One can define in a similar way the notion of prime representations for the category of finite- 
dimensional representations of an affine Lie algebra g. It is known through the work of [9], 
|29j that if V, V' are irreducible finite-dimensional representations of g, then 

ExtJ(y,y') = Homg(g0y,y')- 

It is now easily seen that there exist examples of simple prime representations V such that 
Exti(y, y) has dimension at least two. In Section 2, we give an example of a simple repre- 
sentation of the quantum affine algebra which has a one-dimensional space of self-extensions 
but whose classical limit, although also prime and simple, has a two dimensional space of 
self-extensions . 

The paper is organized as follows. In Section [1] we recall the definition and some stan- 
dard results on quantum affine algebras. In Section [2] we give review some results on finite- 
dimensional representations of the quantum affine algebra and state the main results of the 
paper. In Section [3] we construct a self extension of any given module of the quantum affine 
algebra. We prove that if the module is simple and finite-dimensional then the extension is 
nontrivial. We also give the previously mentioned condition on the Drinfeld polynomials of a 
simple representation which satisfy ([1]). 

In Section m we first review results on local and global Weyl modules. We then study the 
relationship between these modules and self extensions of simple representations. In particular, 
we compute the dimension of the space of self extensions of the local Weyl modules. In Section[5] 
we prove that the space of self extensions of a simple module is a subspace of the self-extensions 
of the corresponding Weyl module. This allows us to prove that a self-extension of a simple 
module is "determined" by its top weight space and this plays a crucial role in proving the 
remaining results of the paper. It allows to study the relationship between self extensions 
and tensor products of simple modules which in turn establishes the condition for a simple 
representation to have a one-dimensional space of self-extensions. In Section [6] we prove that. 
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in the 5l2 case, a simple module V satisfies ([T]) if and only if V is prime. The last section is 
dedicated to the proof that a certain class of simple modules satisfy Our results show 
that this implies that these modules are prime. The latter fact that the modules are prime 
can also be proved by other methods as well, see [26] for the modules of type and [10] 
for remarks on minimal affinizations. Our goal here is really to provide evidence towards the 
conjecture for general g, that V satisfies ([T]) iff is prime. 



1. Preliminaries 



Throughout the paper C (resp. Z, Z_|_) denotes the set of complex numbers (resp. integers, 
non-negative integers) and (resp. ) is the set of non-zero complex numbers (resp. 
integers) . 

1.1. Let / = {1, • • ■ ,n} be the index set for the set of simple roots {oj : i € /} of an 
irreducible reduced root system i? in a real vector space. Let be the corresponding set of 
positive roots. Fix a set of fundamental weights {cjj : i € /} and let Q, P be the associated 
root and weight lattice respectively and recall that Q d P. If is the set of positive roots 
then we let be the Z_|_-span of and P^ the Z_|_-span of the fundamental weights. 

We assume that the nodes of the Dynkin diagram are numbered as in [5] and we follow the 
conventions of that labeling. Let / = / U {0} be the nodes of the corresponding (untwisted) 
extended Dynkin diagram and denote by ^ = {aij)iji=i (resp. A = {ai,j)ij^j) the associated 

Cartan (resp. untwisted affine Cartan) matrix. Finally, fix non-negative integers {di : i £ 1} 
such that the matrix (diaij)- is symmetric. 

From now on, we fix g € and assume that q is not a root of unity. For m € Z, £, r € Z+ 
and i € /, set = q'^^ and define, 

[m], = CjI^ [0],! = 1, = [£Ue - 1], . . . [1],, 

Qi-Qi 



[i-r]][r]iV 



1.2. Let JJq (resp. U^) be the associative algebra over C with generators xf,kf^,i G J, 
(resp. xf, kf^ ,i G /) satisfying the following defining relations: for i,j G / (resp. i,j G /), we 
have 

kik^ — 1, k{kj — kjki^ 
kixfk"^ = qf^^'^xf, 



[Xi , Xj 



kj A:. 

-1 
Qi-Qi 



l-a,: 



m=0 
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It is well-known that TJq and TJg are Hopf algebras with counit, comultiplication, and antipode 
given as follows: for i, j G / (resp. i,j € /), 

e{ki) = 1, e{xf) = 0, 
A(fei) = ki(S) ki, 
A{xf) = xf (g) 1 + ki (g) xf, A(2;r) = xr o fcr^ + i ^ ^r, 
S{h) = k-\ S{xt) = -k-'xf, S{xr) = -xTk,. 

It is known that Ug can be canonically identified with the subalgebra of Ug generated by the 
elements xf,ki,i(zl and that Ug is a Hopf subalgebra of Uq. The algebra JJq is naturally 
Z~graded by requiring 

grx^ = 0, is /, grx^ = ±1. 
1.3. The quantum loop algebra is the quotient of Ug by the two sided ideal generated by 

A^oii^r-i' 

i€l 

where rj G Z+ is the coefficient of Oj in the highest root of . It is clearly both a Z-graded 
and a Hopf ideal and hence the quantum loop algebra also acquires a Z-grading and the 
structure of a Hopf algebra. 

From now on, we shall only be concerned with the quantum loop algebra and hence we shall 
by abuse of notation write Ug for the quantum loop algebra. 

The algebra Ug has an alternative presentation given in |20j . [2]. It is the algebra with 
generators xf^, hi^g, kf^, where i € /, r G Z, s G Z^, and defining relations: for i,j G /, 
r,e G Z, s G Z^ 

kik^ — kikj — kjki^ k^hjg — hj^gk^^ hi^yhjg — hjghi^g , 

± ± ±ai,i ± ± iii.i ± ± ± ± 

•^i,r-^j,e 'it •^j,e-^i,r ~ ■^i,r-l-^j,e+l •^j/+l-^i,r-l ' 

r + - 1 _ r '^t,r+s ~ ^i,r+s 

Qi - Qi 

where 4>f^^ = 0, m > 0, and the elements 4>f^^, m >0, are defined by the following equality 
of power series in u: 

^t±m^"' = exp ( ±(g. - gri) ^ h±sU^] . 

m>0 V s>0 / 

Finally, for i ^ j and given G Z for 1 < m < 1 — Oij, we have 

aeSi-a^j '"=0 

where for any k G Z+ we denote by Sk the symmetric group on k letters. 
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The Z-grading on is the same as the one given by setting: 

gr xf^^ = r, gr hi^s = s, gr 0=^^^ = ±m, 
where i G I, r, s £ Z, s ^ and m € Z+. 

1.4. Let be the subalgebra of JJg generated by the elements {x^^ : i £ I,r £ Z}, 
Ug(0) the subalgebra generated by {kf^, hi^g : i € /, s G Z^}, and the subalgebra of U^(0) 
generated by {hi^g sGZ^}. Then we have an isomorphism of vector spaces, 

Ug = U-U,(0)U+. (1.1) 

The algebra Ug(0) (resp. U^) is also generated by the elements </>^^, i G /, m G Z (resp. 

m G Z^). We shall also need a third set of generators Aj ,., i G /, r G Z for U[^. These were 
defined in jl2j and are given by the following equality of power series, 

5^A,±,u^ = exp(-gi|±inM. (1.2) 

In particular, Aj^o = 1 for alH G / and gr Aj ,. = r. We conclude the section with the following 
result established in [2], [3]. 

Lemma. The algebra is the polynomial algebra in the variables {hir : i G I,r G Z^}. 
Analogous statements hold for the generators {4>f^ :iG/, ttiGZ^} and {Aj^^ :iG/, rGZ^}. 
□ 

2. The Main Results 

2.1. Let be a simple Lie algebra with root system R^. Let f) be the Cartan subalgebra 
and U(g) the universal enveloping algebra of q. In this case we can regard Q and P as lattices 
in the vector space dual of f). Any finite-dimensional representation of g is semi-simple, i.e., 
is isomorphic to a direct sum of irreducible representations. Further, the irreducible finite- 
dimensional representations are indexed by P"^. For i^i G P^, let V{fi) be an irreducible module 
associated to fi. Then 

V{^l) = ^v{^l),, v{^i), = {v ev{fi) : hv = i^{h)v, h^^}. 

2.2. A representation V of JJq is said to be of type 1 if 

^ = © ^M' Vf, = {v €V ■.kiV = qt^v for ah i G /}. (2.1) 

where we write /u = J2iei l^i^i- wt{V) = {fi G P : ^ 0}. Let T be the category 
of type 1 finite-dimensional representations of Ug. Specifically, the objects of T are type 1 
representations of JJq and the morphisms in the category are just Ug-module maps. The 
category of finite-dimensional representations of Ug is defined similarly. Any Ug-module 
can be regarded by restriction as a module for and we shall use this fact repeatedly without 
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mention. Since TJ^ and Ug are Hopf algebras the categories T and T contain the trivial one- 
dimensional representation and are closed under taking tensor products and duals. 

Definition. We shall say that V G OhT is prime if either V is trivial or if there does not 
exist nontrivial Vj € Ob 7", j = 1, 2, with V = Vi (g) V2. □ 

Clearly any V G Ob T can be written as a tensor product of prime representations. Following 
|26| we shall say that a simple object ^ in is a real prime if V is prime and is irreducible. 
It is known through the work of |25] that for a real prime V the object V®''' is irreducible for 
all r > 1. One can define prime objects in in a similar way but this is not interesting as we 
shall now see. 

2.3. The following was proved in |32j . 

Proposition. The category J- is semisimple. Given any /i E P"*", the JJq-module V{fj,) gen- 
erated by an element f ^ with relations: 

is a simple object of T . Further, any simple object in T is isomorphic to V{fj,) for some 
fj, € and 

dimy(;u)i^ = dimy(/x)jy, v £ P. 
Moreover, given X,ii,u£ P+, we have 

dimHomg(F(/i)«)F(A), V{u)) = dimRom^{V{fi) ® V{X),V{u)). 

□ 

The following is now a consequence of the corresponding result for simple Lie algebras. 
Corollary. The representations V{iJ,), fi G are prime. □ 

2.4. Given any type 1 module V for U^, set 

V+ = {v£V : x+ u = i G I, r G Z}, = V+ H Vx- 

If u G V^, then it follows from (jl.ip that wtUgW C A — Q'^. An element G ^ is said to 
be an ^-weight vector if it is a joint eigenvector for the hi^r, i £ I, r £ Z^. An ^-weight 
vector contained in is called a highest-£-weight vector. Notice that this is equivalent to 
requiring it to be a joint eigenvector for the 4>fm^ i £ I, rn Z. A Ug-module V is said to be 
highest-^- weight if it is generated by a highest-^- weight element. The following is well-known 
and easily proved. 

Lemma. Let V be a highest-i-weight \Jq~module. Then V has a unique irreducible quotient. 
Any simple object in J- is highest-i-weight and in fact the space of highest-i-weight vectors is 
one- dimensional . □ 

If y G Ob is a highest-^- weight module generated by a highest-^- weight element v then 
there are constraints imposed on the eigenvalues of hi^r on v. We now explain these constraints 
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2.5. Let u be an indeterminate, C[u] the algebra of polynomials in u with coefficients in 
C and C(n) the field of quotients. Let be the the multiplicative monoid consisting of all 
/-tuples of the form vr = (7rj)jg/ where VTj is a polynomial in C[u] with constant term 1. The 
/-tuple consisting of the constant polynomial 1 is called the trivial element of . 

The following was proved in |12] . |13| . 

Proposition. Suppose that V G Ob T is highest-i-weight with generator v € and assume 
that 4>f^v = di^mV, i € I, m G Z. There exists an element tt € such that, 

E = l^^^'^'^-^t^ = E d--mu-, K = degvr,, (2.2) 

m>0 ^ ■m>0 

in the sense that the left- and right-hand terms are the Laurent expansions of the middle term 
about and oo, respectively. Equivalently, one has an equality of power series, 

.tin) = exp (- f; = Y: A.±.(7^)n^ (2.3) 

V s=l J r>0 

where 7r+(n) = 7ri(n) and 7rr(n) = u'^''^'''7ri{u~^)/ {u'^''S''^TTi{u~^)) (0). 

Conversely, given tt € V'^ there exists a unique (up to isomorphism) irreducible highest-i- 
weight object V{7t) E Ob J-" which is generated by a highest-i-weight vector v{tt) of i-weight 
given by (|2.2p . 

□ 

We remark that the trivial representation corresponds to taking the trivial n-tuple. 

From now on, we shall use the convention that given vj € V'^ , the eigenvalue of (p^^ on 

an i-weight vector with i-weight vj is denoted (p^^i'^), and hi^r{'^) and Aj^r('z^) are defined 
similarly. 

2.6. The category F unlike J- is not semisimple and we shall be interested in understanding 
extensions in the category. Our focus in this paper is the space of self extensions of the simple 
objects of P. The trivial object C satisfies Ext^(C,C) = 0. Since any V € ObJ^ has a 

Jordan-Holder series, it follows that if all the Jordan-Holder factors of y € Ob JF are trivial, 
then V is isomorphic to a direct sum of copies of the trivial representation. Our first main 
result is: 

Theorem 1. Let tt E be non-trivial. We have, 

(i) dimExt^(y(7r),y(7r)) > L 

(ii) Suppose that dimExt^(y(7r), y(7r)) = 1. Then there exists ttq G and s G Z+ such 
that V{'itq) is prime and tt = ttq. In addition, there exists a partition si > • • • > > 
of s such that V{tt'^q) is prime for all 1 < r < A: and 

y(7r) ^y(7r^i)(g)---®T/(7r^'=). 

In particular if ^(Tro) is a real prime, this is equivalent to saying that V{'it) is a tensor 
power of V{tvq). 
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(iii) Let 7ri,7r2 G and assume that ^(Tri) (g) ¥{1^2) is irreducible. We have 

dimExt^(F(7ri) ® V{it2), V{iti) (g) V{it2)) > dimExt_^(y(7ri), ^(Tri)). 

(iv) If is a root system of type Ai then dim Ext ^-(^(Tr), V{7v)) = 1 iff ^(Tr) is prime. 

Let J^i be the full subcategory of consisting of objects V satisfying the following: if V{7v) 
is a nontrivial Jordan-Holder factor of V then dimExtj-(T^(7r), y(7r)) = 1. The category J^i 
is not closed under taking tensor products. However, we do have the following: 

Corollary. IfV{7v) £ ObJ^i then all the prime factors ofV{7v) are also in Ti. 

Remark. There is an important family of objects of J- known as local Weyl modules or 
standard modules which are known to be generically irreducible. The reader is referred to 
Section H] of this paper where we determine the dimension of the space of self extensions of 
these modules. In particular, if W is a local Weyl module then dimExt^(Wi VF) = 1 if and 
only if W is prime. 

2.7. It is tempting to conjecture that part (iv) of Theorem 1 is true in general. The proof 
of (iv) uses very special properties of the quantum affine algebra associated to Ai and these 
properties are known to be false in general. However, there are various well known families 
of representations of quantum affine algebras which have many nice properties (such as the 
Kirillov-Reshethikhin modules and minimal affinizations) which are either known to be or 
easily proved to be prime. The next main result of this paper shows that for many of these 
families it is true that the space of self extensions is one-dimensional. 

2.8. For TT € P+ set 

SUppTT = {f G / : TTj 7^ 1}. 

Given i,j € /, let [i^j] be the minimal connected subset of / containing i and j and let 
= [i,]] \ {hj}- We shah prove. 

Theorem 2. Let tt G and assume that, 

(i) for i € suppvr there exists G such that 

TTj = (1 - ajug- ' ){l-aiuq^' ) ■ ■ ■ (1 - OjU^j ), deg-Ki = mi, 

(ii) for i,j G suppvr with (i, j) Pi suppvr = 0, we have either 

Oj = ajq"''^ , 

or, there exists k G suppvr with (j, k) fl suppvr = = (i, A;) n suppTT and 

aj = afcg''^•^ ai = auq''''^ , 

where r^j = ± {dinrii - Efe7^^G[i,j] ^fc^fe/) + djurij^ . 
Then 

dimExt^(T/(7r),y(7r)) = 1. 

Remark. Observe that the second assumption in (ii) is only possible when R is of type D 
or E. Notice that it follows from Theorem 1 that the simple representations satisfying the 
conditions of Theorem 2 are prime. 
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2.9. We now make several remarks to explain the assumptions on vr. The notion of 
minimal affinizations was introduced in [6] and studied further in |14].|15j.|16]. [33]. The first 
condition on tt requires that each component define a minimal affinization for the quantum 
affine algebra associated to Ai. The second condition requires that if we restrict our attention 
to the connected subset Is of / whose intersection with suppvr is {is,is+i}, then the /g-tuple 
(tTj^, 1, • • • , 1, 7rj^_^j) defines a minimal affinization for the quantum affine algebra associated to 
Is- For ease of exposition, we are being a bit careless here in the case of the root system of 
type Dn but this is taken care of later in the paper. 

2.10. As an example, if R'^ is of type A3, then tt = (1 — u,l — q^u, 1 — u) and tt = 
{1 — u,l — q^u, 1 — q^u) both satisfy the conditions of Theorem 2. The latter polynomial 
defines a minimal affinization while the former does not. 

2.11. In the special case when suppvr = {ii}, the associated module is called a Kirillov- 
Reshetikhin module and our result shows that the space of self extensions of this module is 
one-dimensional . 

2.12. We conclude this section by comparing the statement of Theorem [2] with known 
results for the loop algebra of L{q). Let t be an indeterminate. Then, 

L{g)=g(^C[t,t~\ [x0t",?/0n = 

Let J- be the category of finite-dimensional representations of L{q). Then, the irreducible 
representations are again given by n-tuples of polynomials W. The structure of the simple 
representations is easily described in this case and, as a consequence, one also understand the 
irreducible prime objects in this category. As an example, if we take 5 to be 5I3, then one 
knows that 

V{l-U,l-U) ^0 V{0Jl+UJ2), 

and hence V{1 — u,l — u) is prime. It follows from the work of [9] and j29j that 

dimExtj^(F(l -u,l- n),F(l -u,l-u)) = 2. 

It can be shown that the classical limit (as q 1) oi the representation V{7v), where 
TT = (1 — li, 1 — q'^u), is the representation V{1 — u,l — u). Theorem [2] shows however that 

dimExt^(y(7r),y(7r)) = 1 / dimExtj.(F(l - n, 1 -'u),F(l - u,l-u)). 

3. Proof of Theorem 1: parts (i) and (n) 
3.1. Let wt : P+ ^ P+ be defined by 

wtTT = ^(deg7rj)wj. 

We shall say that V S Ob is a self extension of V{tv), tt € V'^ if V has a Jordan-Holder 
series of length two with both constituents being isomorphic to V{tt), or equivalently, if we 
have a short exact sequence 

^ V{7V) ^ V{7t) 0, 
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of objects of T . We say that y is a trivial self extension \iV = T^(7r) l^(7r) and non-trivial 
otherwise. Notice that 

dimKrtTT = 2. 

and that (-(^(Tr)) is a highest-^- weight vector in Vwtvr- Suppose that V contains another linearly 
independent vector v' which is also highest ^-weight. Then 

dim(Ugu')„t7r = 1, and so v^lJgv'. 

Hence l{V{7v)) H tjgv' = {0} which implies that Ugf' = V{7v) and that y is a trivial self 
extension. Summarizing, we have proved, 

Lemma. Let V G ObJ-" be a self extension ofV{7T). Then V is nontrivial if and only if V^tTv 
has a unique (up to scalars) highest-i-weight vector. Moreover, ifV is nontrivial andv G V^tTV 
is not an i -weight vector, then V = UgV. □ 

3.2. A self-extension V of V{'7v) defines an element [V] of Ext^(y(7r), y(7r)). Moreover 
by Lemma |3.H we see that [V] = iff ^ is the trivial self extension. 

Lemma. Let V, V be self extensions o/ F (tt) for some tv S V'^ . Then V and V are isomorphic 
as tjq-modules iff there exists c € C such that [V] = c[V'] as elements o/ Ext^(y(7r), y(7r)). 

Proof. It is clear that if there exists c G C with [V] = c[V'] as elements of Ext^(y(7r), V{'7v)) 
then they must be isomorphic as Ug-modules. For the converse let rj : V V be an 
isomorphism of U^-modules. Lemma l3.ll shows that y is a trivial self extension of V{7v) iff 
V' is also the trivial self-extension and in that case [V] = [V] =0. So assume that they are 
both non-split i.e., the short exact sequences 

^ V{7v) ^ V{7v) ^0, ^ V{7v) ^V' ^ y(7r) ^ 

are non-split. Then r]{i{v{7v)) = ai'{v{7r)), for some a € C^. Since ^(Tr) is irreducible, it 
follows in fact that 

r]{L{v) = aL'{v), for all v € V{7r). 
This means that the short exact sequence 

^ V{7r) ^V' ^ V{7r) ^ 0, (3.1) 

defines the same equivalence class as a~-'^[y]. Next, choose v ^ V such that t{v) = v{7t). 
Since V = IJqV and T'{r]{v)) = 6f (tt) for some b £ we get t' o rj = br, i.e., the sequence 
defines the same equivalence class as Therefore, a[V] = b[V'] as required. □ 

3.3. Recall that Ug is a Z-graded algebra and for r € Z let Vg[r] be the r-th graded 
piece. Given any V G OhT let E(y) G OhT be defined by requiring 

B{V) = V®V, 

as vector spaces and the action of Ug given by extending linearly the assignment, 
gr{v,uj) = {grV,rgrV + grvj), gr£ijq[r], v,uj£V. 



PRIME REPRESENTATIONS FROM A HOMOLOGICAL PERSPECTIVE 11 

Clearly we have a short exact sequence of Ug-modules 

O^V ^ E{V) ^0. (3.2) 

The following proves part (i) of Theorem 1. 

Proposition. If it ^ is nontrivial, 'E{V{7v)) is a nontrivial self extension ofV{7T). 

Proof. By Lemma l3.ll it suffices to prove that E(y(7r))wt7r has a one-dimensional space of 
highest-^-weight vectors. Clearly l{v{7v)) is a highest-£-weight vector, and for ci,C2 € C, we 
have, 

<Ptmic^^i'^)^ C2f (tt)) = ((^J„(7r)cii;(7r), m(j)^^{7v)civ{n) + (j)^^{7r)c2v{n)). (3.3) 

Choosing i ^ I and m € Z, m > with (pi^mi''^) 7^ we see that the right hand side of the 
preceding equation is a multiple of (ciUtt, C2W7r) iff ci = and the proposition is proved. □ 

3.4. To prove (ii) of Theorem 1, we need the following result which can be found in |12j . 
In the current formulation, it uses the formulae for the comultiplication given in |19|.[3]. 

Proposition. Let Vi, V2 S Ob J-". Let vi and V2 satisfy 

^tr'"^ = = xf^^V2, i e I, r G Z. 

Then, 

A(x+ )(i;i (8)i;2) = 0, 

^{hi,s){vi V2) = (hi^sVl ®V2+Vi(S> hi^sV2), 

for all i I, r ^ Zi and s € Z^ . 

Corollary. Let tvj € for j = 1,2 and let v = f (tti) ® v{tt2) S V{tti) ® V{tt2)- Then, \JqV 
is a highest- 1 -weight module with highest i-weight it\it2- In particular, it has ^^{1^11^2) as its 
unique irreducible quotient. 

3.5. 

Lemma. Let iti,tv2 € "P"*" he such that V{tti) ® V{it2) is irreducible. If V is a (non-trivial) 
self extension ofV{iTi), then V ®V{tt2) is a (non-trivial) self extension of V{tti) ®V{tt2). 

Proof. It is clear that V V{7T2) is a self extension of V{ni) V{7T2). Let vi,V2 be a basis 
for VwtTTi assume that V2 is an ^-weight vector. By Proposition 13.41 we have 

hi,r{vi ® v{7V2)) = hi^rVl v{7V2) + Vi (S^ hi^r{'^2)v{T^2)- 

Hence vi ®v{it2) is an -^-weight vector only if hi^rVi 0v{7V2) is a scalar multiple of vi (S)v{7V2), 
which implies that /ii,rVi is a scalar multiple of vi. This implies that V^tTr has two linearly 
independent ^-weight vectors and hence Vi is trivial by Lemma l3.1[ □ 
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3.6. 

Proposition. Let ni,7V2 be nontrivial elements of and assume that {tviY^ ^ i'^2Y^ for 
all ri,r2 S Z4.. Then E(l/(7ri)) (g) V{'K2) and V{tvi) ® £(^(772)) are non-trivial and non- 
isomorphic self extensions of V{7Vi) ^ V{7V2). 

Proof. The fact that y(7ri) (8)E(y(7r2)) and y(7ri) ® £(^(772))) are non-trivial self extensions 
of V{7Vi) ® V{7V2) was proved in Lemma [331 Suppose that rj : E(y(7ri)) (g) V{7V2) — > V{7Vi) (E) 
E(y(7r2)) is an isomorphism of Ug-modules. Then rj maps an ^-weight vector in (E(V{7Ti)) 
^(7r2))wt7ri+wt7r2 to an ^-weight vector in (y(7ri)(g)E(F(7r2)))wt7ri+wt7r2 and hence we have, 

r/((0, ■u(7ri)) ® t;(7r2)) = f (7ri) ® (0, dv{7T2)) , 

for some d € C. Moreover since rj is an isomorphism, we may and do assume without loss of 
generality that d = 1. Further, there also exist ci, C2 G C such that 

77((-y(7ri), 0) ® f (772)) = w(7ri) (g) (0111(772), 02^(772)). 

By Proposition 13.41 again we see that for alH € / and r € Z, r 7^ 0, we have 

r] [hi^r ((^(Tri), 0) (g) v{'K2))) = r] (/ii,r(7ri) (t>(7ri), rti(7ri)) ® v{7V2) + (u(7ri), 0) (g) ^(772)) 

= (/ii,r(7ri) + /ii,r(7r2)) ■u(7ri) (g (cit;(7r2), C2v{7V2)) + r/ii,^(7ri)i;(7ri) ® (0, ^(772)) 

while, 

hi,r {vini) (g (cit;(7r2), 02^(772))) = /ij,r(7ri)?;(7ri) (ci?;(7r2), 02^(772)) + 
^i,r(7r2)t'(7ri) (g) (01^(772), cirz;(7r2) + 02^(772)). 

Equating, we get 

Writing 7ri = (vri, • • • , 7r„) and 772 = (tt^, • • • , vr^), as 

k e 

s=l s=l 

where 7^ ar similarly hr hs '^i r ^ s and ps > 0, > 0, we find by using ()2.3p that for all 
r > 0, we have 



k 



^^,r(7^l) _ _ 1 ^i,r(71'2) _ _ 1 \ ^ 



Hence we get 

k e 
^Psal = ci^nisbl, r G Z^. 

s=l s=l 

If ai 7^ 5r for all 1 < r < ^, then we find by using the invertibility of the Vandermonde matrix 
that pi = which is a contradiction. This means that we must have i = k and also without 
loss of generality aj = bj for all 1 < j < i. This gives the equation. 



'^{Ps - cims)al =0, r G Z, r / 0. 



s=l 
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In particular, this means that 

Ps = Cinig, 1 < s < i. 

Hence ci is positive and rational, say ci = for some d, d' G Z+ \ {0},and so d'p^ = dms for 
all 1 < s < ^. Since ci is independent of i we have now proved that 

But this is a contradiction and hence r] is not an isomorphism. □ 

3.7. We can now prove part (ii) of Theorem 1. Observe first that if tti and tv2 are such 
that ttJ^ = 772^ for some ri,r2 G Z_(_, then there exists ttq such that tti and tt2 are powers of 
ttq. Suppose that V{it) is not a prime representation and write 

y(7r) = y(7ri)(g)---(g)1/(7rfc), 

where tt^ is nontrivial and Viirg) is prime for 1 < s < A;. Then by Proposition 13.61 there exists 
ttq such that 

r (. 
Tfl = TI'Oi 7f2 ■ ■ ■ TTfc = TTq, 

(note 1^(772) (8> • • • (8) V^(7rfc) = ¥{1^2 • • • tt/j)) and hence tt = ttq"*"^. Since 

l/(7ri) (g) 1/(772) = V{7V2) ^ ViTVi), 

we also get by Proposition 13.61 that 
for some m,p Z+. This gives 

m+p _ _p _ -Pi^+r) 
— TT — TTq 

Repeating we find that i^g is a power of ttq for all 1 < s < /c as required. 



4. Local and global Weyl modules 



To prove the remaining results of the paper we need to recall the definition of global and 
local Weyl modules and summarize their important properties. We use the approach developed 
in [5] for loop algebras. 

4.1. Given A € P'^ the global Weyl module W{X) is the U^-module generated by a vector 
w\ with the following defining relations, 

hw\ = qi'wx, xfrWx = 0, 

Ko)^'^'^A = 0, 

for all i G / and r G Z. If A 7^ 0, then 1^(A) is an infinite-dimensional type 1 module while 
VF(0) is the trivial module. Note that if 7r G V'^ is such that wtTr = A and V G Ob J-" is 
a highest-^-weight module with ^-weight 7r, then y is a quotient of W{X). The global Weyl 
module W{X) was originally defined in [T7] in a different way, but it is not hard to see by 
using Proposition 4.3 of that paper that the two definitions are equivalent. It is also proved 
in Proposition 4.5 of [T^ that VF(A) is an integrable module: i.e the Chevalley generators 
xf,i€l act locally nilpotently. Finally, we remark that it is proved in |36] that the global 
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Weyl module is isomorphic to the extremal weight modules defined by Kashiwara in ^7\. The 
following is a very special case of the fact that M^(A) is integrable. For all i E /, we have 

X-iXi + l)ai^wtWiX). (4.1) 

4.2. Regard W{X) as a right-module for by setting {uwx)hi^r = ti/ii,r^i'A)Where u € Ug 
and i € /, r E Z, r 7^ 0. 

Set 

AmiA = {x G U° : wxx = 0} = {x E U° : xwx = 0}, 

and let Aa be the quotient of Ug by the ideal Auua- Then, W{X) is a (Ug, AA)-bimodule. For 
all ;U E -P the subspace W{X)^ is a right A^-module. Moreover, W{X)x is obviously also a left 
A^-module and we have an isomorphism of A^-bimodules 

W{X)x = Ax. 

The structure of the ring A^ is known. Specifically regard as the polynomial ring in the 
variables Ai^r, i E /, r E Z^. Then Aa is the quotient obtained by setting 

Ai,r- = 0, |r|>Ai + l, Ai,A,Ai,_, - Ai,A,-. = 0, (4.2) 

for all z E / and < s < Aj. In particular, if we let Aj^^ be the image of Aj^,. in Aa, then 

AA-(g)C[A,,i,...A,,A„(A,,Aj^']. 
iei 

The following important result will be crucial for the paper. The result was established 
when R is Ai in [18], and in general the result can be deduced from the work of [1],[35]. There 
are also other proofs of this result through the work of [T7] , [11] , [21j , [39] . 

Theorem 3. The global Weyl module T4^(A) is a free right module of finite rank for Aa. □ 

4.3. Let mod -Aa be the category of finitely generated left AA-modules and given an 
object M of mod - Aa set 

WaM = 1^(A) (g>A^ M. 
Since W{X)x is an AA-bimodule, we have an isomorphism of left AA-modules, 

(WaM)a = W{X)x M^M. 
If V is any quotient of VF(A), then 

uVx = 0, li E AnuA, 

and hence the Ug action on Vx descends to Aa. It is simple to check (see [Sj Proposition 3.6]) 
that y is a quotient of Wa^a- 
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4.4. 

Proposition. The assignment 

defines an exact functor from the category mod -A^ to T . Moreover, M is an indecomposable 
object of mod -Ax iff W;^M is indecomposable in T . 

Proof. The first statement is clear from Theorem [3l Suppose that 

WaM = V®V', 

as objects of J-". Then we have 

(WaM)a = Vx® Vi, 

as Uq-modules. Since 

AnnA(WAM)A = 
it follows that Vx and are A^-modules and hence 

M = vx®v;^ 

as A^-modules. The converse implication is trivial and the proposition is established. □ 

4.5. Given tt G , let Cvr be the one-dimensional representation of TJ^ defined by taking 
the quotient by the maximal ideal I(7r) generated by the elements 

ihr - K,r{'^) : i G I,r G Z^}, 

or equivalently by the elements 

{Ki^r-^iA'^) : i £ I,r eZ""}. 

It is clear from ()4.2p that Cvr is a AA-module. The local Weyl module W{7v) is given by, 

W{7v) = WaCtt, w{7r) = wx(S)l. 

An alternative definition of W^iv) is that it is the quotient of VF(A) obtained by imposing the 
additional relations: 

{hi^r — hi,r{T^))wx = cquivalently [Ki^r — ^i,r{''^))wx = (4-3) 

for all i € /, r G Z^. Clearly W{it) is a highest-^- weight module with ^-weight tt and W{tt) 
is universal with this property. In particular ^(Tr) is a quotient of W{it). Moreover V{tv) is 
the quotient of W{tt) by the maximal submodule not containing W^(7r)„t7r = Cw{tt). 

4.6. We now prove, 

Proposition. Let A G and let V be any JJq-module such that wt y C A — Q"*" and assume 
that A — (Aj + l)ai ^ wt V . Then, 

ExtJj^(VF(A),y) = 0, 
or equivalently, any short exact sequence 

^ W{\) 

of X] q-modules is split. 
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Proof. Observe that wtW C X — and also that A — (Aj + l)aj ^ wt W. Hence ii w e Wx 
is such that t{w) = wx, we have 

x+^w = 0, {x-o)^^+'w = 0. 

It follows there exists a Ug-module map r] : W{X) — )■ tjgW with r]{'Wx) = w. The composite 
map T.T] : W{X) — t- W{X) then satisfies T.r]{wx) = wx and hence is the identity map and the 
Lemma is established. □ 

4.7. One can compute Ext!!- (W{7v), W{7r)) for all tt G V'^ using the Koszul complex for 

the A^-module Ctt and using Theorem [3l Consider the the special case when r = 1 in which 
case we have 

dimExti^(C7r,C7r) = J^Ai. 

Proposition. Let tt G such that wtvr = A. Then 

Ext^(W^(7r),VF(7r)) ^ Exti^(C7r, Ctt), 

and hence 

dimExt^(W^(7r),VF(7r)) = J^Aj. 

iei 

Proof. Let rj : 1^(A) — > W{7r) be the map of Ug-modules such that r]{wx) = w{7v). Since 
diml^(7r);v = 1, we have 

dimHomu^(VF(7r),VF(7r)) =1 = diniHomu^ (iy(A), VF(7r)). 

Applying Hom_^(— , W{n)) to the short exact sequence — > ker 77 — > W{X) — > W{7r) 0, and 
using Proposition 14.61 we get 

Hom^^(kerr?,W^(7r)) ^ Ext^ {W{7v),W{7v)). 

It follows from (j4.3p that kerry is generated as a Ug-module by the elements {hi^r — ^i.rlTf) ^ 
i £ I,r & Z.} Since hi^ri''^) is determined by the values of hi^s[Tz) for 1 < s < Aj, we see that 

dimExt^:-, {W {it) ,W {it)) = dimHom,-, (ker r?, W^(7r)) < V Aj. 

iG/ 

Finally, this bound must be achieved since Proposition 14.41 defines a map 

ExtijCvr, Cvr) ^ Ext^(WAC7r, WaCtt) 
which is injective since the functor exact. □ 

4.8. The structure of the local Weyl modules is known through the work of [1], [7], [ID]. To 

describe the result, we recall the definition of fundamental ^-weights. For i G / and a G C^, 
let TTj^a = (tti, • • • , vr„) G be such that tTj = 1 — an and vr-,- = 1 otherwise. 

Proposition. Let tt G . Then there exists k G Z+, G a^, G C^, 1 < s < A:, such that 
Moreover W{7v) is irreducible if Up/ai ^ q'^ for all I < p,£ < s. □ 
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In fact it was shown in that W{7t) is irreducible if ap = ai for all 1 < p,i < s. Combining 
this with Proposition 14.71 we get, that 

dimExtx-(y(7r), y(7r)) = 1, vr is generic =^ y(7r) is prime. (4-4) 



5. Proof of Theorem 1 (iii). 

In addition to proving part (iii) of Theorem 1, we also prove some results on self-extensions 
which are needed later in the paper and use the study of global and local Weyl modules. 

5.1. 

Proposition. Let tv G "P"^ and let V be any self-extension ofV{7T). The restriction V — )• Vwtvr 
induces an injective map of vector spaces 

Ext^(y(7r), y(7r)) ^ ExtijCvr, Ctt) = Ext^(iy(7r), I^(7r)). 

Proof Let K{7v) (resp. K{7v)) be the kernel of the map W{X) W{7v) (resp. W{X) V{n))). 
Clearly K{tt) C K{tv) and moreover, since 

it follows that 

K(7r)„t7r =i^(7r)wt7r, and Hom_^(A'(7r)/K(7r), F(7r)) = 0. (5.1) 
Using Proposition 14.61 and the fact that 

dimHom_^(T4^(7r),iy(7r)) = dimHom^(VF(A), iy(7r)) 
= dimHom_^(VF(A),y(7r)) = dimHom^(l/(7r), y(7r)) = 1, 

we see that 

Ext^(W^(7r), W^(7r)) ^ Hom^(i^(7r), W^(7r)), (5.2) 

Ext^(y(7r), V{n)) ^ Hom_^(K(7r), V{n)). (5.3) 

Applying Hom^(— , y(7r)) to the short exact sequence 

^ K{-it) K{7r) k{'K)/K{-K) 0, 

and using (j5.ip we get an inclusion, 

Hom_^(K(7r), V{n)) ^ Hom^(i^(7r), y(7r)). 

The Proposition now follows from (j5.2p . (j5.3p and Proposition 14.71 □ 
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5.2. We now determine the image of the inclusion given in Proposition 15.11 Equivalently, 
we answer the following question: when does a self-extension of W{7t) determine a self- 
extension of V{7t). It is convenient to introduce the following notation: given any U^-module 
W with wtW C X - Q^, let be the unique maximal submodule of W such that 

W^nWx = 0. 

It is clear that exists and is unique - one just takes the sum of all submodules U of W 
such that Ux = 0. Recall that 

W{7V)/W{7V)^ ^ V{7V). 

Lemma. Let tv G V'^ and assume that W is a (non-split) self extension ofW^Tv), 

^ W{7V) ^ W{7V) 0. 

//r(VF™*'''') = W{7r)""^''^ , there exists a (non-split) self-extension V of V{Tr) with 

Proof. Since l{W{7t)'"^''^) C VF"*''' we see that the restrictions of l and r give a short exact 
sequence 

^ VF(7r)^^^ ^ VF^tTT ^ T^(7r)"*^ ^ 0. 
Setting V = W jW^^'^ it follows that F is a self-extension of V^-k). □ 

5.3. 

Proposition. Suppose that V is a nontrivial self-extension ofV{7T) and wtTr = A. Then 

V ^ WxVx/{WxVx)\ 

Proof. If is a non-trivial self extension, then it follows from Lemma 13.11 that there exists 
V & Vx such that V = \JqV. Since wt F C A — we see that ^ is a quotient of W{X) and 
hence also of WxVx. Since 

dimyA = dim(WAFA)A = 2, 

it follows that 'WxVx/ (^xVx)^ must be a quotient of V and hence is either isomorphic to V 
or to V{7t). But the latter is impossible since dimy(7r);^ = 1 and the proof is complete. □ 

The following is now immediate. 
Corollary. Suppose that V and V are self-extensions ofV{7v) and wtvr = A. Then 
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5.4. The next proposition along with Lemma 13.21 proves part (iii) of Theorem 1. 

Proposition. Let Vi and V2 be nontrivial self extensions ofV{7v) for some 7V € V'^ . Then 
for all TTi € with V{7r) V{7Vi) irreducible, we have 

Vl <S) ViTVi) ^V2 V{7Vi) ^ Vi^ V2. 

Proof. Let rj : Vi V{7ri) V2 ^(tti) be an isomorphism of Ug-modules. By Lemma [331 
we know that Vj (S)V{7ri) is a nontrivial extension of 1/(77) (8>y(7ri). Let ij : V{tv) — >■ Vj be the 
inclusion. Since (tt)) (g) ^^(Tri) is a highest-£-weight vector in Vi V{tvi), we may assume 
without loss of generality that 

77(^1 (t;(7r)) (g) ^(Tri)) = L2{v{7v)) (g) v{'Ki). 

Let Vl G (Vi)wt7r be linearly independent from li{v{7v)). Writing 

r]{vi (S> v{tvi)) = V2 v{tvi), (5.4) 

we see that V2 and ^2(^(772)) are linearly independent elements of (V2)wt7r- Applying hi^r to 
both side of (|5.4p . we get 

ri{hi,TVi g) ^^(Tri)) = hi^rV2 ^ v{-ki), 

for alH e /, r G . Writing 

hi,rVj = hi^r{'^)Vj + c'-^^ij{v{TT)), 

we find now that = c^^, for all i G /, r G Z^. Hence the map vi V2, ii{v{7v)) i2{v{'!T)) 
defines an isomorphism 

(^i)wt7r — (V2)wt7r 

of AwtTT^modules. By Corollarv 15.31 we see that this implies Vi = V2 as Ug-modules. The 
converse statement is trivial and the proof is complete. □ 

6. Proof of Theorem 1 (iv). 

Throughout this section we shall be concerned with R being of type Ai. In this case, / = {1} 
and for ease of notation, we denote the elements xf^ as just x^. Since we will not be using 
the Chevalley generators in this section there should be no confusion. We also remark that 
di = 1 and hence we just denote by [r] the quantum number [r]i. Finally, we identify P with 
Z and Q with 2Z and denote the modules W{X) by W{n) etc. 

6.1. Given m G Z+ and a G C^, set 

7r(m, a) = (1 - ag"^-^n)(l - aq"'-\) •••(!- aq-"'+\). 

The representation V{7r{m, a)) has the following explicit realization. It has a basis Vm, - ■ ■ ,vq 
and the action of the generators xf- is given by, 

xtvj = (ag-"^+2j+2yr ^- ^ ^ („^-™+2,y _ + (g.i) 
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where < j < m and we understand that V-i = Um+i = 0. The action of the remaining 
generators is determined by these and we note for future use that for all r G Z with r 7^ 0, we 
have 



btvm = Mq - q-'){aqn^'{m]v.^, h^v.^ = a^'^v^. (6.2) 

r 

Clearly V{TT{m,a)) is irreducible for the subalgebra Ug and hence by Corollary 12.31 is a prime 
object of The following is a consequence of |12l Theorem 4.8]. 

Proposition. Any prime simple object in J- is isomorphic to V{7v{m,a)) for some m G 
Z+,a G C^. Moreover, for all s G Z+, we have 

V{Tv{m,ay) ^ V{7v{m,a)f\ 

□ 

6.2. The next proposition together with part (iii) of Theorem 1 and Proposition 16.11 es- 
tablishes part (iv) of Theorem 1. 

Proposition. Let m G Z+, a G C^. Then, 

(i) dimExt}p{Vi7v{m,a)),V{7r{m,a))) = 1, 

(ii) dimExt^(y(7r(m,a))®2,y(7r(m,a))^2) > 2. 

The rest of this section is devoted to proving the proposition. 

6.3. Recall from Section 4 that the local Weyl module W{7v{m, a)) is the module generated 
by an element Wm with relations: 

X^Wm = 0, KvJm = a^'—^Wm , {xQ)"'~^^Wm = 0. 

Proposition. Let m G Z^, a G C^. 

(i) The module V{7r{m, a)) is the quotient of W{n{m,a)) obtained by imposing the single 
additional relation 

(x^ - aq'^XQ)wm = 0. 

(ii) The module y(7r(m,a))®^ is the quotient of W{7v{m,a)'^) obtained by imposing the single 
additional relation 

{X2 - 2aq'^x^ + a'^q^"^XQ)w2m = 0. 

Proof. To prove (i), notice that the formulae given in Section 16.11 imply that the element 
Vm S V{7v{m,a)) satisfies, 

{x^ - aq"^XQ)vm = 0, 

In particular, if 

W = W{7v{m, a))/tSq{x^ - aq"'x'^)wm, 
then y(7r(m, a)) is a quotient of W . Part (i) follows if we prove that dimW^ < m + 1. For this 
we denote by Wm the image of Wm in W and observe that W is spanned by Wm and elements 
of the form x~ • • • x~^Wm where 1 < k < m. Since 

_ \2r] _ 

= [hr,x^ - aq'^x:Q]wm = —{x~_^-^ - aq^x~)wm, 



\rm\ 
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we get that x~Wm G Cx^Wm for all r G Z. This implies that W is spanned by elements of 
the form x~ • • • x~^_^XQWm where \ < k < m. Suppose that we have proved that we may take 
S2 = -- - = Sfc = 0. Ifsi = ±l, then using the relation 

- - _ ±2 - - 

shows that multiple of (xq ) Wm- An obvious induction on s using the 

relation 

Xg Xq q Xq Xg — q x^ •'^s-l -^s-l-^l ' 
now proves that W is spanned by elements of the form {xQYidm, 1 < s < m and hence 
dim W < m + 1 as required. 

The proof of part (ii) is very similar. We observe that we have the relation 

{x^ - 2ag"'xj" + a^2q^"^XQ){vm Vm) = 0, 

in V{7T{m,a))^^. We set 

W = W{7r{m,af)/ijg{x^ - laq'^x^ + a^2q^'^x^)w2m, 

and let W2m be the image of W2m in W . We now prove exactly as before that W is spanned by 
W2m and elements of the form (x^)*(xq with 1 < s + (. < 2m. The spanning set is now 
of cardinality bigger than (m + 1)^ if m > 1. To show that in fact we can choose a suitable 
subset of cardinality at most (m + 1)^ we observe that 

dimTy2r = dimVF_2r, 

and hence it is enough to determine a bound for dim W2r for < r < m. This bound is easily 
seen to be m — r + 1 and so we now have 

dimW = 2dimW2m+2dimW2m_2H h2dim VF2+dimVI/o = 2(1+2 •• •+m)+(m+l) = {m+lf. 

This completes the proof of the Proposition. □ 

6.4. We now prove Proposition 16.2( 1) . Consider the canonical map from the global Weyl 
module r] : W{m) V{7r{m,a)) which sends Wm Vm- We claim that kerr/ is generated by 
the element v = {x^ — aq'^XQ)wm- By Proposition IG.Sf i) we see that v € ker?/. Moreover, 

( {^f+i - aq'^^f)w^, reZ,r^Q, -1, 
(g - q-^)xtv =U^-t- a'7"(9" " 9""))^^^, r = 0, 

_ - g-"') - aq^<|)-_l)wr:^, r=-l. 

An induction on r shows that 

{ct>f - iaqn''{q"' " g-'"))^'™, € lJ,v, r + 0. 

Setting 

W = W{m)/\JqV, 

we see that the defining relations of W{7v{m,a)) imply that is a quotient of W{7T{m,a)). 
It now follows from Proposition I6.3( i) that 

W ^ V{7v{m,a)), 

and the claim is established. 
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By Proposition 14.61 Ext^(Ty(m), y(7r(m, a))) = 0. Thus, applying Hom_^(— , y(7r(m, a))) 
to the short exact sequence 

^> kerry ^ W{m) F(7r(m, a)) 0, 

and noting also that }iom-p{W{m),V{7v{m,a))) = }lom-p{V{7r{m, a)),V{7v{m, a))), one finds 

dimExt^(F(7r(m, a)), F(7r(m, a))) = dimHom^(ker ry, l/(7r(m, a))) < 1. 

By Proposition 13.31 we know E(y(7r(m, a)) is a non-trivial self extension and hence part (i) of 
Proposition 16.21 is proved. 

6.5. The proof of part (ii) proceeds as follows. We construct an ideal of of codimen- 
sion two and show that it can be used to define a non-trivial self-extension of W{7v). We 
then show that this self-extension satisfies the conditions of Lemma 15.21 and hence defines a 
non-trivial self-extension V of V{7r). Finally, we prove that this extension is not isomorphic 
to E(y(7r)). Proposition 13.21 imphes that [V] and [E(l/(7r))] are hnearly independent elements 
of Ext ^ {V{7v),V{7r)) which proves (ii). 

6.6. We recall for the reader's convenience that 

A2m = C[Ai, A2, • • • ,A2m,A2^], 

and that we have an algebra homomorphism A.2m given by 

'0, |r| > 2m + 1, 
Ar, < r < 2m, 
^Aam+rA^^, -2m<r<0. 
Let I be the ideal in A2m generated by (Ai + 2a [m])^, and the elements: 

[r + 2]A^+2- (g''+^Ai + 2ag'"[r + l]) A^+i-a2[2m-r]A^, < r < 2m. (6.3) 
Set TT = 7r(7n, a)^. 

Lemma. The ideal I is of codimension two and we have a non-split short exact sequence of 
A.2m~'n^odules, 

^ C(7r) ^ A2m/I C(7r) ^ 0. 

Proof. We first prove that I C I(7r) so that we have a surjective map A2m./I — ^ ^(77) ^ of 
A2m-modules. Write tt = X]s=o^s^*' ^"^^ using the fact that 

(1 - og-™u)V(gn) = (1 - aq'^uf'Kiq-^u), (6.4) 

we see that (j6.3p is identically satisfied if we replace A^ by dr and hence I C I(7r). Next, note 
that after an obvious change of variables of the form 

A^ ^ Xr = Ar + PriK-1, ' ' ' , Al), ^ > 1, Ai = Xi, 

we have that I is generated by 

iXi + 2a[m]f, X2,--- ,^2™- 

Hence the ideal generated by these elements in C[Xi, • • • , X2m] = C[Ai, • • • , A2m] is of codi- 
mension two. Since A2m ^ I (recall A2r„ ^ I(7r)) the conclusion does not change if we localize at 



Ar 
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h.2m and work with the ideal I. In particular we have proved that A2,n/I is an indecomposable 
module of dimension two and that we have a non-split short exact sequence 

^ (Ai + 2oH)A2^/I ^ A2„/I ^ C(7r) ^ 0, 

of A2m~™odules, or equivalently, we have a non-split short 

^ Ctt ^ Aa^/I ^ Ctt ^ 0. 

□ 

6.7. We now set, 

W = W{2m) ®A2m A2m/I, W = W2m 1, 

and observe that by Theorem [3] there exists a a non-split short exact sequence 

^ W{7t) ^ W{7t) 0. 

Recall that W"^"" is the unique maximal submodule of W such that W2m H W^"^ = 0, and let 

Lemma. We have 

and hence r : W'^"^ VF(7r)^™ is surjective. 

Proof. The subspace (tJq'w)2m is the Ug-submodule generated by the elements x^w, r € Z 
and hence it suffices to prove that x^w = 0. This means we must prove that 



= xtw = < 



- 2ag™(/)f + a^q^'^iq^"' - q~^"'))w, r = 0, 



(6.5) 



, ((g2m _ ^-2m) _ 2aq"^^^^ + a^q^'"^%)w, r 
Using the functional equation, 



-1, 
-2. 



A^jq^^u) 
A±(g±i'u)' 



(1 - aq"'ufA+{q~\)w = ((1 - aq'^u)^ - a^q'^'" - q~^'^)u^ - {q - q~^)Aiu) A+{qu)w, 



we see that (|6.5p is equivalent to requiring, 



(6.6) 



(n - aq'^fA-{q-^u)w = ((n - aq^^f + (q^"" - l)u^ + a^q^^'iq - q-^)A_iu) A-{qu)w, (6.7) 



((?2"^Ai + 2a[2m]g"^ + a^A_i)w = 0. 



"I I „2 , 



(6.^ 
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Since TV is a quotient of W{2m) we have that Ann2mU; = and hence it suffices to prove 
that the equations in (I6.6P , (j6.7p , (j6.8p are satisfied in A2m . It is easily seen that (I6.6P is exactly 
()6.3p . To see that the other two equations are satisfied, one recalls that we have the relation 

A„2m.Ar = A_2m+r5 < r < 2m. 

Then (I6.8P follows by taking the case of r = 2m — 1 in (I6.3P , which gives 

(g2-Ai + 2ag™[2m])A2™ + a^Aa^-i = 0. 

Multiplying through by A^^ gives the result. Equation (j6.7p follows similarly by using the 
cases when < r < 2m — 2. □ 

6.8. As a consequence of the preceding Lemma and Lemma 15.21 we have a non-split short 
exact sequence 

^ V{7v) W/W^"" V{7t) 0. 

The final step is to show that this extension is not isomorphic to E{V{7t)). For this, we observe 
that if 7] : W/W'^'"^ — )■ E(y(7r)) is an isomorphism, then we must have 7][iB) = (ciu(7r), C2v{7t)) 
for some ci ^ 0, where w is the image of w in W/W"^^. Since 

and 7?((/>2' — 2aq"^(j)f + q"^"^ [q"^"^ — q~'^"^))w = 0, we have a contradiction. This completes the 
proof of Theorem 1 (iv) . 

7. Proof of Theorem [2] 

In this section we prove Theorem [2j We begin by noting some additional consequences of 
the results of the preceding sections. 

7.1. Given a connected subset J of I let Ug be the subalgebra of Ug generated by the 
elements xf^., hi^g, ^f^, i € J, r G Z, s € . If i2j is the subset of the root system spanned by 
the elements aj, j G J, then is the quantum loop algebra associated to Rj with parameter 
qj where qj = q^^'^i^i-}^-^} . In the special case when J = {i} we write for the algebra 
and note that U* is the quantum loop algebra associated to Ai with parameter qi. Let "Pj be 
the submonoid of "P^ consisting of /-tuples tt = (vri, • • • ,7r„) satisfying vrj = 1 if i ^ J. It is 
also convenient to regard Vj as a quotient of via the map which sends 

71" = (7ri)ie/ TVj = (vrj)jgj. 

The category T'^ is defined in the obvious way and the elements of Vj index the isomorphism 
classes of the simple objects of J-j. The following is easily established. 

Lemma. Let it G . The JJ'^ -submodule ofV{7v) generated hy v{tt) is isomorphic to V{7Tj). 
□ 
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7.2. 

Proposition. Let J be a connected subset of I. There exists a canonical map of vector spaces 
Ext^(y(7r),y(7r)) ^ Ext^^(y(7rj),y(7rj)), [V] ^ [Vj]. 

Moreover 

[Vj]=0 ^ {hj^r-hj^ri'^))v = 0, v£{Vj)^t7V, j J, rGZ^. 

Proof. Let F be a non-trivial self extension of V{7v). By Lemma [3. II we may choose v € VwtTr 
such that V = tjqV. Setting Vj = U^f , it is clear from Lemma l7.ll that Vj is a self-extension 
of V{7rj). If V is the trivial extension, then we set Vj = V{7vj) © V{7rj). It is now easily 
checked that [V] — >■ [Vj] is well defined map of vector spaces. The second statement of the 
proposition is immediate from Lemma |3. 11 □ 

The following is immediate. 

Corollary. Let tt € and let Ji, - ■ ■ , Jm be a family of disjoint connected subsets of I such 
that / = Ji U ■ ■ ■ U Jm ■ We have an injective map of vector spaces, 

m 

Ext^(y(7r),y(7r)) ^ 0Ext^^^(F(7rjJ,y(7rjJ). 

s=l 

In particular, 

n 

dimExt^(^(7r),y(7r)) < dimExt^, (y(7r|,}), y(7r{,|)). 

1=1 

□ 



Proof. The only statement that requires explanation is that the map 

m 

Ext^(y(7r),y(7r)) ^ 0Ext^^^(y(7rjJ,y(7rjJ), 

s=l 

is injective. Let 1^ be a non-trivial extension of ^(Tr) and recall that we may choose v G VwtTr 
with V = \JqV. Moreover there exists i £ I and r G such that hi^rV ^ Cv. Choose 
1 < s < m such that i G Jg. Then Vjg is a non-trivial extension of and hence 

Ext^ (y(7rjJ,y(7rjJ)/0, 

as required. □ 

7.3. For TV eV+, set 

SUppTT = {i € / : TTj 7^ 1}. 

Together with Proposition 16.21 we have now established the following. 
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Proposition. Let vr = (tti, • • • , 7r.„) G be such that 

n = (1 - qT'-^aiu){l - qT'-\^u) •••(!- q-""'^^^ a,u) , 

for some rrii G Z+ and ai G C^, 1 <i < n. Then 

dimExt^(y(7r),y(7r)) < | supp7r|. 

In particular the space of self extensions of the Kirillov-Reshethikhin modules is one-dimensional. 
□ 

7.4. We shall prove the following proposition in the rest of the section. 
Proposition. Suppose that vr = (tti, • • • ,7r.„) G "P"*" is such that suppvr = {l,n} and that 

TTj = (1 - g. ' CiU)[l-q-' CiU)---{l-q- CiU) i = l,n, 
and ci , c„ G C ^ . // 

— = q^^, N = dimi ^ dittij + dnTUn 

then 

dimExt^(y(7r),y(7r)) = 1. 

7.5. Assuming Proposition 17.41 the proof of the theorem is completed as follows. Given 
TT G V'^ , let AdcgTT, be the subalgebra of A^tTr generated by the elements {Aj^^ : 1 < r < Aj} 
and A^^. It is clear that 

iei 

where A = ^^gj degvTjCJi. Moreover if J is any connected subdiagram of /, and Aj = 
EjejdegvTjCjj, then 

J — Adcg TTj ■ 

Suppose that F is a non-split self extension of ^(Tr) so that 

^ V{7t) ^ V{7t) 0. 

We shall prove that V = E(y(7r)). We first prove that: if / G Va is such that for some 
i G supp TT we have 

hi^j-v = hi^r{'^)v, r G Z^, 
then V = aL{v{iT)) for some a G C^. For this, suppose that i = ig (z suppvr and consider 
J = [is,is+i] or J' = [is-i,is]- If f 7^ ai{v{7T)), then E(y(7rj)) and Vj are non-isomorphic 
extensions of V{7v)- It follows from Proposition 17.41 that [Vj] = and hence {Vj)xj is an 
eigenspace for the action of hi^j^^^r as well. A similar argument works for J' and hence we find 
that Vx is an eigenspace for hi^r for all i G /, r G contradicting Lemma |3.1[ 

To prove that V = E{V{7v)) we must prove that V\ = E{V{7v))x as AA-modules. For 
this, note that as modules for AdcgTr^ we may assume that there exists a basis vi,V2 of Vx 
such that vi — )■ (f(7r),0), V2 {0,v{7r)) is an isomorphism. Suppose that this is not an 
isomorphism of Adcg7r,2~™odules. Then Vx and 'E{V{7v))x are not isomorphic as Aj~modules 
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where J = [ii, 12] which then imphes that Vj and E(y(7rj)) are not isomorphic as U;^~modules. 
Since both extensions are non-trivial this contradicts Proposition 17.41 Iterating the argument 
gives the result that V\ = ^{y{TT))\ as A^-modules and the proof of Theorem 2 is complete 
once we establish Proposition 17.41 

7.6. Notice that when vr is as in Proposition 17.41 then [l,n] is not of type D or E. We 
assume from now that ajj- 7^ only if i = j zb 1 and also without loss of generality that, 

^ n—l 

Cn = ciq'^, N = dimi - - ^ diUij + dnTUn = dimi + (i„m„ - ^ diUi^i+i. 

j^je[l,n] «=1 

For < i < n, define elements Wi € V^iv) recursively, by 

Wo = v{'k), Wi = x~QWi^i. (7.1) 

Proposition. For < i < n — 1, we have an isomorphism of XJ^^ -modules 

F(7r(mi,ci)), i = 0, 

F(7r(-ai+ii,Cj+i)), l<i<n-2, (7.2) 
y(7r(mn - an,n-l,Cnqn"""'^)), i = u - 1. 

where C2 = ciq^^ and Ci = Ci_ig-_"|'~^''~^ for 2 < i < n. 

Proof. To prove the proposition we see from Proposition 16.31 that we must show the following: 

(i) xf^l^r^i = 0, 

(ii) 

[rmi]i ^ ra„,„_i [r{mn - an,n-l)]n r /r, 
hl,rWo = C^Wo, hn,rWn~l = Qn C^Wn-l (7.3) 

r r 

hirWi-i = c^Wi-i, l<i<n, (7.4) 

r 

(hi) 

(a^M - ciq'l'^xlQ)wo = 0, (x-^ - c„g^;['"x-o)^/;n_i = 0, (7.5) 

- Cjg~'''''"'x^o)w;j_i = 0, 1 < j < n. (7.6) 

Part (i) is trivial. We prove (ii) and (iii) simultaneously by an induction on i. Notice that 
induction begins at « = 1 by Lemma 13.11 and Proposition 16. 3i Suppose that we have proved 
(ii) for 1 < i < n and (iii) for 1 < i — 1 < n. We prove (iii) for i < n by showing that 

^i^r(a^i~i - Ci9j~"'''"'a;,"o)''^i-i = 0, je/,reZ+. (7.7) 
For this, writing wt tt = mioji + rUnUJn, we have 

x-^WQ = 0, j^l,n, reZ. (7.8) 

We claim that 

x+^w^ = 0, j^i, (i,i)/(n,n-l), rGZ\ (7.9) 
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Since [x^r^^kol = if i 7^ ^) it is clear that the claim is true if j > i. If j < i, then we see 
that 

. _ - - I <^tr \ - 

^j,r'^^ ~ ^i,0 ' ' ' \ q — q-1 j ^J"1,0 ■ ■ ■ ^i,o'"^- 

It is easily seen from the defining relations of U„ that 



and (j7.9p follows now by using (|7.8p . It is now clear that (|7.7p follows from (j7.9p for i ^ — 
For i = J it holds from (|7.4p and (|6.2p . If i = j — 1 , then we use the same argument as the one 
given for establishing (I7.9P to see that 

This completes the proof of (iii) with i < n. For i = n one proves using similar arguments 
that 

^tA^n,l - Cnqn"X~Q)Wn-l =0, j e I,r £ Z+. (7.10) 

We omit the details. 

It remains to prove that (ii) holds for i + 1 < n. If i + 1 < n, then we use 

[raj+i j]j+i _ [roj+i , -a,,,-ixr i ^ • ^ i 

hj+i^rWj = -- — — x-^^Wj-i = - ■' — [Cjq- ywj, 1 < J < n - 1, 

while if i + 1 = n 

h — I V'^n,n—\\n _ _ h \ 

'l'n,rWn—l — 1, ^ X^_^j,-\-X^_^Qiln^r)Wn—2 

= ( [Cn-iqn-l ) + cJWn-1 

as required. □ 

7.7. Suppose that y is a nontrivial self-extension of V{7t): 

^ V{tv) 4 T/ 4 V{tv) 0. 
To prove Proposition 17.41 we must show that we have an isomorphism of Ug-modules 

y ^E(F(7r)). 
It is enough by Corollarv 15.31 to prove that 

KvtTr =E(y(7r))^t7r, 

as modules for A^itt and in fact it is enough to prove that they are isomorphic as U^-modules. 
The proposition is a consequence of the following Lemma. Once the Lemma is proved it is clear 
that the map E(V(7r))wt7r ^ ^tt sending (u(7r),0) wq is an isomorphism of Ug-modules. 

Lemma. There exists a basis wo,wo o/ V„t7r such that 
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7.8. We shall use the following remark repeatedly in the proof of the Lemma. It is a 
special case of results proved elsewhere in this paper, we formulate it here in the precise form 
that it is used in the proof of the Lemma. 

Remark. Suppose that tt S is such that dimExt^(y(7r), F(7r)) = 1 and let V be any 
self-extension of V{tv). Suppose that v,v \s a basis of VwtTr such that {hi^r — hi^r{'^))v = for 
all z € / and r € . Then, there exists z G such that 

hi^rV = hi^r{T^){v + zrv). 

Moreover, this implies that, if y = Vi © V2 is a decomposition of y as a direct sum of Ug- 
submodules isomorphic to F(7r) with v € Vi and v ^ V2, the projection of x^^v onto Vi is 
rzx^^v. Finally, V is nontrivial iff and only if z ^ 0. 



7.9. Proof of Lemma 7.7 Let wo be such that t{wo) = v{tv) and set wq = l{v{7v)). If 
j 7^ then tJqWQ is the trivial representation of Ug. If j = l,n, then by Proposition 17.21 
and the results of Section 6 we know that either 

or 

^u;o = E(y(^(m,-,c,-)). 
In any case, since l{v{tv)) is a joint eigenvector for hi^r, i I, r G Z^, it follows from Section 



TSl that there exists zi,Zn G C ^ such that 

hj^rWo = hj^r{T^){wQ + rZjWo), ^i^r^O = {CjoJ'' Y x'^^Wq + rZjWo), j = l,n. 

Our goal is to prove that we must have zi = Zn- Since V is non-split this means that we can 
assume zi = z„ = 1 which would establish the Lemma. 

For 1 < i < n, define elements 

Wi = X~^'Wi_l, Wi = X~Q'Wi-l. 

We now prove by induction on 1 < i < n that 

, - [rmi]i r(~ , N 

hirWi_i = Cj(Wj_i +rziWi-i), I <i <n. 

r 

For i = 1 this follows from the above, so induction starts. Suppose we have proved the above 
for 1 < i < n — 1. In particular, if i > 1, it follows by applying Section [7.81 to UgWj_i that, 

x~^Wi_i = {ciq~"'"-"~^y'{wi + rziWi) = d-^iiwi + rziWi). 
The inductive step is completed by using the preceding equation and noting that 

hi+i^rWi = hi+i^rXi^QWi-i = X^^^Wi_i. 
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Now observe that U^-submodule generated by Wn-i + V'gWn-i is a self extension of 
y(7r(m„ — a„^„_i, c„,g""'"~^)). Hence, it follows from Section \TM that 

hn,rWn-i = {cnqn ' Y — ' —{wn-1 + z' rWn-i) for some z G C. (7.11 

r 

Further, since [hn,r,x~g] = if z 7^ n, n — 1, we see that 

hn rWi = c'^- ^^{wi + ZnTWi) for all i < n — 1. (7-12) 

r 

This implies 

T ~ f [f(^n,n—l]n — — h ^ ~ 

"-njT^n— 1 — V ~ "^n— l,r ~'~ -^n— 1,0 "i'"/^'^~2 

= ( (Cn-ig„_i ) ){Wn~l + rZi-Wn^i) H C^^i^n,-! + rZnWn-l) 

= [Cnqn ) Wn-\ 

r 

. , y'^n,n—\\n ( a„.„_i -rn„\r , V"^n\n r\ 
+ r(-2:i (C„g„ g„ ") ^ Zn d^)Wn-\. 

r r 
Comparing this with (j7.1ip we get 

- Zi [ra„,n-l]n(Q'n ""'"~'~™"'*)'' + Zn[rmn\n = z' (fn"'"'^ [r(m„ - an,n-l)]n (7.13) 

for all r E Z. It follows that z\ = Zn = z' . □ 
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